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Abstract
We use holography and a string probe approach to compute the drag force on a
quark moving in a thermal plasma of non-commutative Yang-Mills (NCYM) theories
in various dimensions. The gravity background in these cases are described by a
particular decoupling limit of non-extremal (D(p−2), Dp) brane bound state system.
We show how the drag force on an external quark moving in the dual NCYM theories
gets corrected due to non-commutativity and as a result the effective viscosity of
the plasma gets reduced. We have obtained the drag force for both small and large
non-commutativity. This was known earlier for (3+1)-dimensional NCYM theory,
however, we find that the corrections for the general case typically depend on the
dimensionality of the NCYM theories, indicating that the structure of the drag force
is non-universal.
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1
The AdS/CFT correspondence [1–3] or its generalized versions (for a review see [4])
holographically relate string theory in a particular background to a specific gauge theory.
If the string theory is weakly coupled then the corresponding gauge theory is strongly
coupled (’t Hooft coupling λ = g2YMN ≫ 1) and vice-versa. This gives an access or com-
putational handle on the strongly coupled gauge theory from weakly coupled string theory
or supergravity when the higher curvature corrections are also under control. This is pre-
cisely the idea behind several interesting predictions for some observables which might
be related to quark gluon plasma (QGP), for example, the entropy production, transport
properties, jet quenching etc. (for a recent review see [5]). Collisions of heavy nuclei in
the lab (such as at RHIC or in the near future at LHC) are believed to produce QGP, a
thermal state of matter, which is strongly coupled and behaves like an ideal fluid [6]. This,
therefore, provides a good laboratory to test the (generalized) AdS/CFT correspondence
and indeed many such calculations on the QGP observables just mentioned have been
performed using AdS/CFT correspondence and compared with the experimental results
with some partial success (see [5, 7, 8] and references therein). In the original calcula-
tion [9] a non-extremal D3-brane solution of type IIB string theory was used to compute
the shear viscosity of the thermal YM gauge theory on the boundary using AdS/CFT
correspondence. The non-extremal solutions of string theory are believed to be dual to
thermal gauge theories with properties similar to QCD at strong coupling.
Subsequently, in this spirit, many such computations have been performed in various
strongly coupled thermal gauge theories (with [10–14] or without conformal symmetries
[15–17], chemical potentials [18–20], finite ’t Hooft coupling [21–23] etc.), whose gravity
duals are given by a set of coincident non-extremal D3-branes, Dp-branes, rotating D3-
branes etc. They were even extended to other geometries having duals like Klebanov-
Witten CFT, Leigh-Strassler, Klebanov-Strassler cascading gauge theories and others
[7, 24–26]. One of the interesting observations in these calculations is the universality
of the ratio of shear viscosity to entropy density (η/s) and its bound [12, 27] (see [28]
for a recent status on this). However, no such universality has been observed in the
calculation of jet quenching parameter (qˆ), a measure of the radiative parton energy loss
in a medium [7,14]. For example, for the non-conformal, thermal gauge theories living on
the boundary of a stack of coincident non-extremal Dp-branes [29], the signature of the
non-universality can be seen to be encoded in the expression of jet quenching parameter
as qˆ ∼ T 2(T
√
λ)
2
5−p , where T is the temperature of the gauge theory and λ is the ’t Hooft
coupling [7]. So, both the powers of T and N are dependent on the dimensionality of
the gauge theory and this is the reason there is no universality in its structure. Another
interesting quantity is the viscous drag force experienced by an external quark moving in a
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hot plasma [13,30,31]. In the D-brane picture an external quark is represented as the end
point of a fundamental string attached to the boundary carrying a fundamental charge
under the gauge group SU(N) and is infinitely massive [32–35]. The external quark loses
its energy as the string attached to it trails back and imparts a drag force on it. Though
originally [13] it was calculated from the motivation to understand the phenomenon of
jet quenching in the medium produced in heavy ion collision, it was later realized [7]
that they are not quite related to each other. The drag force, also like the jet quenching
parameter, is non-universal and for Dp-branes the force is given as F ∼ T (T
√
λ)
2
5−p [7].
In this short note we study the effect on the drag force experienced by a quark when
it moves through a hot plasma having a space-space non-commutativity. It is well-known
that the gauge theory develops a space-space non-commutativity when Dp-brane world-
volume is subjected to a large asymptotic magnetic or B-field [36–38]. This effect has
been studied earlier in [39] for D3-branes and it was found that the drag force on top
of the value ∼
√
λˆT 2 gets corrected by ∼ −λˆ3/2T 6θ2, for small θ, where θ is the non-
commutativity parameter and λˆ is the ’t Hooft coupling for the NCYM theory. Whereas,
for large non-commutativity parameter, θ ≫ 1, the drag force is given as ∼ (
√
λˆT 2θ2)−1
in the leading order and ∼ −(λˆ3/2T 6θ4)−1 in the next to leading order. Note that for large
non-commutativity the dependence on λˆ and T got inverted in the expression of drag force
from those for small non-commutativity. Also note that the drag force gets reduced by
the effect of non-commutativity and so, the noncommutativity reduces the viscous force.
Now in order to see, whether there is any universal structure we compute in this note
the expression of the drag force on an external quark for the hot (p+1) dimensional YM
plasma having space-space non-commutativity. We obtain the drag force for both small
and large non-commutativity and, like jet quenching parameter and the drag force without
non-commutativity, we find that the expression typically depends on the dimensionality
of space-time and so does not possess a universal structure. The shear viscosity in the
non-commutative plasma has been discussed in [40].
The finite temperature (p + 1)-dimensional NCYM theory is holographically dual to
the stack of non-extremal (D(p − 2), Dp) supergravity bound state solutions of type II
string theory in a particular decoupling limit [37, 41]. The world-volume of D(p − 2)
lies completely within the worldvolume of Dp-branes and their extremal version has 16
supercharges. The complete non-extremal (D(p − 2), Dp) bound state solution is given
as [42],
ds2 = H−
1
2
[
−fdt2 +
p−2∑
i=1
(dxi)2 +
H
F
(
(dxp−1)2 + (dxp)2
)]
+H
1
2
[
dr2
f
+ r2dΩ28−p
]
3
e2(φ−φ0) =
H
5−p
2
F
, Bp−1, p =
tanα
F
A012...p =
1
gs
(1−H)
F
cosα cothϕ, A012...p−2 =
1
gs
(
H−1 − 1
)
sinα cothϕ (1)
where the various functions appearing above are defined as,
f = 1− r
7−p
0
r7−p
H = 1 +
r7−p0 sinh
2 ϕ
r7−p
F = 1 +
r7−p0 sinh
2 ϕ cos2 α
r7−p
(2)
Here the Dp-branes lie along x1, . . . , xp and the D(p − 2) branes lie along x1, . . . , xp−2.
The angle α measures the relative numbers of the D(p− 2) and Dp branes and is defined
as, cosα = N/
√
N2 +M2, where N is the number of Dp-branes and M is number of
D(p− 2)-branes per unit co-dimension two volume transverse to D(p− 2) brane. Also ϕ
is the boost parameter and r0 is the radius of the horizon of the non-extremal or black
(D(p− 2), Dp) solution. The NCYM decoupling limit is a low energy limit by which we
zoom into the region given by [37, 41]
r0 < r ∼ r0 sinh
2
7−p ϕ cos
2
7−p α≪ r0 sinh
2
7−p ϕ (3)
It is clear from above that ϕ is very large whereas α is an angle very close to pi/2. In this
approximation
H ≈ r
7−p
0 sinh
2 ϕ
r7−p
H
F
≈ 1
cos2 α(1 + a7−pr7−p)
≡ h
cos2 α
(4)
where,
h =
1
1 + a7−pr7−p
, with a7−p =
1
r7−p0 sinh
2 ϕ cos2 α
(5)
We see from (1) that the asymptotic value of the B-field is tanα and since α is close to
pi/2, it is very large in the NCYM limit. In this limit the metric in (1) takes the form,
ds2 = H−
1
2
[
−dt2 +
p−2∑
i=1
(dxi)2 + h
(
(dxp−1)2 + (dxp)2
)]
+H
1
2
[
dr2
f
+ r2dΩ28−p
]
(6)
where H and h are as given in (4) and we have rescaled the coordinates xp and xp−1 as
xp−1,p → cosα xp−1,p. In order to calculate the drag force on an external quark moving
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through the hot NCYM plasma, we look at the dynamics of the fundamental string in
the background (6) given by the Nambu-Goto action,
S = − 1
2piα′
∫
dτdσ
√
−det(gab) (7)
where gab is the induced metric given by,
gab =
∂Xµ
∂ξa
∂Xν
∂ξb
Gµν (8)
Gµν , in the above is the background metric (6) and ξ
a,b, a, b = 0, 1, are the world-sheet
coordinates τ = ξ0 and σ = ξ1. We use the static gauge condition X0 ≡ t = τ and r = σ
and the string is allowed to move along one of the non-commutative directions Xp = x.
Then the string embedding is completely specified by the function x(t, r). The action (7)
then reduces to the form,
S = − 1
2piα′
∫
dtdr
[
1− h
f
(x˙)2 +
fh
H
(x′)2
] 1
2
(9)
where the ‘overdot’ represents derivative with respect to ‘t’ and ‘prime’ denotes derivative
with respect to ‘r’. Since the action does not depend explicitly on ‘t’ and ‘r’, we get two
constants of motion,
pi0x =
1
2piα′
hx˙
f
√
1− h
f
(x˙)2 + fh
H
(x′)2
= const. indep. of t (10)
pi1x = −
1
2piα′
fhx′
H
√
1− h
f
(x˙)2 + fh
H
(x′)2
= const. indep. of r (11)
Now we make a simplifying assumption that if we allow sufficiently long time (since the
quark is heavy) the quark or the string will eventually move with a constant velocity
(quark will interact with the plasma and lose its energy) v, i.e.,
x(t, r) = vt + ζ(r) (12)
Substituting (12) into (10) and (11), we find that (10) is automatically satisfied and (11)
gives,
piζ =
fhζ ′
H
√
1− h
f
v2 + fh
H
(ζ ′)2
= const. indep. of r, t (13)
Solving (13) we obtain,
ζ ′ =
Hpiζ
hf
√√√√
(
f
h
− v2
)
(
f
h
− Hpi
2
ζ
h2
) (14)
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In (14) we have assumed ζ ′ to be positive. Note that as r varies from ∞ to r0, both the
numerator and the denominator in the square-root in (14) change sign and therefore ζ ′
can become imaginary for some values of r. So, this solution is not physically acceptable.
The easiest way to avoid this problem is to choose the constant piζ , such that both the
numerator and the denominator change sign at the same place rv (say). This requirement
fixes the value of piζ to be of the form,
piζ =
vr
7−p
2
v
(1 + a7−pr7−pv )r
7−p
2
0 sinhϕ
(15)
where
r7−pv =
−
(
1− v2 − a7−pr7−p0
)
+
√(
1− v2 − a7−pr7−p0
)2
+ 4a7−pr7−p0
2a7−p
(16)
Now we can substitute the value of piζ from (15) into (14) and integrate to find out the
string profile x(t, r). In principle this can be done, but actually, in this case we can not
write x(t, r) in a closed form. On the other hand, the drag force can be easily calculated
as,
F = −pi1x =
1
2piα′
vr
7−p
2
v
(1 + a7−pr7−pv )r
7−p
2
0 sinhϕ
(17)
where rv is as given above in (16). It is not not easy to see how non-commutativity
affects the drag force from the general expression given in (17). So, for this purpose,
we will consider two limiting cases from which the effect of non-commutativity on the
drag force will be transparent. Therefore, we consider (i) ar0 ≪ 1 (as we will see this
corresponds to small non-commutativity) and (ii) ar0 ≫ 1 (this case corresponds to large
non-commutativity).
(i) for ar0 ≪ 1, the expression of the drag force (17) can be simplified to give,
F =
1
2piα′
v√
1− v2
1
sinhϕ
[
1− 2− v
2
2(1− v2)2a
7−pr7−p0 +O(a
2(7−p)r
2(7−p)
0 )
]
(18)
and (ii) for ar0 ≫ 1, (17) can be simplified as,
F =
1
2piα′
1
sinhϕ
v
a7−pr7−p0
[
1− 2 + v
2
2a7−pr7−p0
+O(
1
a2(7−p)r
2(7−p)
0
)
]
(19)
In eqs.(18), (19), we obtained the expression of the drag force in terms of the parameters
of the gravity theory. In order to understand the nature of the force in terms of the
NCYM theory we have to relate the parameters of the gravity theory to those of the
NCYM theory. We first mention that the non-extremal (D(p − 2), Dp) solution in the
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NCYM limit given in (6) has a Hawking temperature which by holography is the same
as the temperature of the NCYM theory. The temperature can be calculated from the
metric in (6) as,
T =
7− p
4pir0 sinhϕ
(20)
Also from the charge of the Dp-brane we can calculate
r7−p0 sinh
2 ϕ = dpλˆα
′5−p (21)
where dp = 2
7−2ppi
9−3p
2 Γ((7 − p)/2) is a p-dependent constant and λˆ = gˆ2YMN , is the ’t
Hooft coupling for the NCYM theory and gˆYM is the NCYM coupling, with N being the
number of Dp-branes. We point out that the ’t Hooft coupling λˆ for the NCYM theory
differs from the ordinary YM theory by a scaling of the form λ = (α′/θ)λˆ, where θ is the
non-commutativity parameter given as [xp−1, xp] = iθ. Here θ is a finite parameter and
in the decoupling limit as α′ → 0, gˆ remains finite [37]. Now using the two relations (20)
and (21) we obtain,
sinhϕ =
[
(7− p)7−p
(4piT )7−pdpλˆα′5−p
] 1
5−p
(22)
r0 =
[
(4piT )2
(7− p)2dpλˆα
′5−p
] 1
5−p
(23)
Also from (5) we have
a7−pr7−p0 =
1
sinh2 ϕ cos2 α
=
(4piT )
2(7−p)
5−p d
2
5−p
p λˆ
2
5−p θ2
(7− p)
2(7−p)
5−p
(24)
In the above we have used that in the decoupling limit cosα = α′/θ, i.e. as α′ → 0,
α → pi/2. Also note from (24) that as θ → 0, ar0 → 0 and as θ becomes large ar0
becomes large. So, ar0 is a measure of non-commutativity. Now substituting (22), (23)
and (24) in (18), we obtain for small non-commutativity (i.e. ar0 ≪ 1), the expression of
the drag force as,
F =
1
2pi
v√
1− v2
(4piT )
7−p
5−pd
1
5−p
p λˆ
1
5−p
(7− p)
7−p
5−p

1− 2− v2
2(1− v2)2
θ2(4piT )
2(7−p)
5−p d
2
5−p
p λˆ
2
5−p
(7− p)
2(7−p)
5−p
+ · · ·

 (25)
where ‘dots’ represent terms of the order (T (7−p)/(5−p)λˆ1/(5−p)θ)4 and higher. It is clear
that when the non-commutativity parameter θ is set to zero we recover the drag force
expression for the (p+ 1)-dimensional ordinary YM theory [7].
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Next substituting (22), (23) and (24) in (19), we obtain the expression of the drag
force for large non-commutativity (i.e. ar0 ≫ 1) as,
F =
v
2pi
(7− p)
7−p
5−p
(4piT )
7−p
5−pd
1
5−p
p λˆ
1
5−p θ2

1− 2 + v2
2
(7− p)
2(7−p)
5−p
θ2(4piT )
2(7−p)
5−p d
2
5−p
p λˆ
2
5−p
+ · · ·

 (26)
here ‘dots’ represent terms of the order (T (7−p)/(5−p)λˆ1/(5−p)θ)−4 and higher. We point out
that the dependence of temperature and ’t Hooft coupling in the expressions of drag force
(26) for large non-commutativity got inverted from that of small non-commutativity (25).
Also for both small and large non-commutativity the drag force gets reduced and so, the
viscosity of the plasma gets reduced by the effect of non-commutativity. This was also
observed for the case of (3+1)-dimensional NCYM theory [39]. However, we find that
the expression for the drag force in general depends on p, and so there is no universal
structure in the drag force expression for the general (p+1)-dimensional theory. However,
we will mention, as was also noted in [7] for the jet quenching parameter, that we can
write the drag force in terms of some quantity to uncover a kind of ‘universal structure’
in the drag force expression for all (p+1)-dimensional gauge theory. For this, let us note
that the entropy density of the non-extremal (D(p− 2), Dp) in the decoupling limit can
be obtained from (6) as,
s =
4piΩ8−pr
8−p
0 sinhϕ
16piGgˆ2
(27)
where G is the Newton’s constant in ten dimensions and 16piG = (2pi)7α′4. The entropy
density of non-extremal (D(p− 2), Dp) is known to have the same form as ordinary non-
extremal Dp-branes, but we have put gˆ as the string coupling in the decoupling limit
as opposed to the original string coupling g. They are related as, g = (α′/θ)gˆ, with gˆ
kept fixed [37]. The reason for the difference is that the entropy density s in the lhs also
contains a volume which is scaled (due to non-commutativity) by the same factor. Now
substituting r0, sinhϕ from (22) and (23) and using gˆ
2
YM = (2pi)
p−2gˆα′(p−3)/2, we get from
(27),
s = N2λˆ
p−3
5−pT
9−p
5−p bp (28)
where
bp =
[
216−3ppi
13−3p
2 Γ
(
7−p
2
)
(7− p)7−p
] 2
5−p
(29)
Introducing a dimensionless ’t Hooft coupling by λˆeff(T ) = T
p−3λˆ, we can rewrite (28) as,
s = N2bpλˆ
p−3
5−p
eff (T )T
p ≡ N2c(λˆ, T )T p (30)
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So, it is clear that c ≡ bpλˆ
p−3
5−p
eff characterizes the number of degrees of freedom of (p+ 1)-
dimensional NCYM theory at temperature T [7]. We can rewrite the drag force expression
(25) (for small non-commutativity or θ ≪ 1) in terms of c and λˆeff as
F =
v√
1− v2
c
1
2 (λˆ, T )
√
λˆeff(T )T
2
[
1− 2− v
2
2(1− v2)24pi
2θ2c(λˆ, T )λˆeff(T )T
4 + · · ·
]
(31)
Similarly we can rewrite the drag force expression (26) (for large non-commutativity or
θ ≫ 1) as
F =
v
4pi2θ2
c−
1
2 (λˆ, T )
1√
λˆeff(T )T 2
[
1− 2 + v
2
2
1
4pi2θ2
c(λˆ, T )−1
1
λˆeff(T )T 4
+ · · ·
]
(32)
When p = 3, the constant c reduces to pi2/2 and in that case our results match with those
given in ref. [39] except for a factor of 2 (our definition of r7−p0 sinh
2 ϕ differs from that in
ref. [39] by a factor of 2). It is thus clear that writing in terms of an effective ’t Hoooft
coupling λˆeff and c(λˆ, T ), a quantity characterizing the number of degrees of freedom at
T , the drag force expression can be expressed into a ‘universal’ form and c encodes the
‘non-universal’ structure.
To summarize, in this note we use holography and fundamental string as a probe in
the background of non-extremal (D(p− 2), Dp) brane bound state system in a particular
decoupling limit to calculate the drag force on an external quark moving in a hot NCYM
plasma in various dimensions. We find that when the quark moves in one of the non-
commutative directions the drag force gets reduced and thus non-commutativity makes the
plasma less viscous. We have calculated the drag force for both small non-commutativity
and large non-commutativity. For small non-commutativity if we set the non-commutative
parameter to zero we recover the results for the commutative theory as expected. For
large non-commutativity, the dependence of the temperature and the ’t Hooft coupling
on the drag force gets inverted from that of the small non-commutativity. These results
were known for (3+1)-dimensional NCYM theory, and we calculated the same for the
general (p+ 1)-dimensional NCYM theory and we do not find any universal structure in
the expression of the drag force in general. However, a ‘universal structure’ emerges if we
write the drag force in terms of a quantity (c) which characterizes the number of degrees
of freedom in the gauge theory and appear in the entropy density. It would be interesting
to understand the true physical meaning of this quantity in the non-commutative gauge
theories.
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